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Vertex algebras associated to abelian current 

algebras 

Jinwei Yang 


Abstract 

We construct a family of vertex algebras associated to the current algebra of finite¬ 
dimensional abelian Lie algebras along with their modules and logarithmic modules. 
We show this family of vertex algebras and their modules are quasi-conformal and 
strongly N-graded and verify convergence and extension property needed in the loga¬ 
rithmic tensor category theory for strongly graded logarithmic modules developed by 
Huang, Lepowsky and Zhang. 


1 Introduction 

In a series of papers |HLZ1] - [HLZ8] . Huang, Lepowsky and Zhang developed the theory 
of logarithmic tensor categories from strongly graded vertex algebras and their logarithmic 
modules. Representation theory of strongly graded vertex algebras has then been further 
studied in HU and HU. But so far, the only source of strongly graded vertex algebras 
and their modules comes from vertex algebras and modules associated with not necessarily 
positive dehnite even lattice. In this paper, we construct a new family of strongly graded 
vertex algebras along with a natural logarithmic module category and derive convergence 
and extension properties needed in the theory of logarithmic tensor categories. 

The polynomial current algebras associated to finite simple Lie algebras have been studied 
in HH, EHU and |CG2] et al. Current Lie algebra is the standard parabolic subalgebra 
of an affine Lie algebra and its representation has broad applications. There are numerous 
interesting and related families of modules in the representations of current Lie algebra such 
as Kirillov-Reshetikhin modules (see a detailed discussion in El), Demazure modules arising 
from the positive level representations of the affine Lie algebra (see the details in |BCM] ). 
Weyl modules f |CPj ) and so on. 

In this paper, we mainly focus on the current algebra of hnite abelian Lie algebras, which 
is an inhnite dimensional N-graded abelian Lie algebra. Following the construction of vertex 
operator algebras associated to the Heisenberg Lie algebras f |FLM] . |LL] L we construct a 
family of vertex algebras V associated to the affinization of the abelian current Lie algebras. 
This new family of vertex algebras does not possess a conformal vector and does not satisfy 
the grading restriction property required in the notion of vertex operator algebra. Instead, 
it has a second grading and satisfies the strongly gradedness condition required in the notion 


1 



















of strongly graded vertex algebra. Furthermore, we construct a series of operators which act 
on V as generators L(n) for n > — 1 of the Virasoro algebra and hence the vertex algebra V 
is a quasi-conformal vertex algebra in the sense of |EE|. 

We construct the strongly graded Id-module category with irreducible and indecompos¬ 
able objects associated to the evaluation modules for the current Lie algebras. Logarithmic 
intertwining operators among a triple of strongly graded logarithmic modules associated 
to the evaluation modules at 0 can be constructed explicitly using the method developed 
in [M2] . In general, it is still not clear how to construct logarithmic intertwining opera¬ 
tors among logarithmic modules associated to the other families of modules for current Lie 
algebras. 

Matrix elements of products and iterates of logarithmic intertwining operators among 
strongly graded logarithmic Id-modules satisfy certain systems of differential equations under 
Ci-cohniteness condition introduced in |Y2j on the logarithmic Id-modules. Using these 
systems of differential equations, we verify the convergence and extension property needed 
in the logarithmic tensor category theory for such strongly graded logarithmic Id-modules. 

This new family of vertex algebras provides very concrete examples for Huang-Lepowsky- 
Zhang’s logarithmic tensor category theory. We will study the other conditions needed 
in the logarithmic tensor category, such as closedness under the P(z)-tensor product and 
associativity isomorphism, and build logarithmic tensor category for this new family of vertex 
algebras in the forthcoming papers. 

This paper is structured as follows: In section 2, we introduce current algebra of a Lie al¬ 
gebra and its hnite dimensional module category. In section 3 and 4, we construct a family of 
vertex algebras Id and their modules categories associated to current algebra of an abelian Lie 
algebra and its module categories. In section 5, we build logarithmic modules and construct 
logarithmic intertwining operators among triples of certain Id-modules explicitly. In section 
6 , we study the strongly gradeness for Id and its module categories. In section 7, we derive 
differential equations for matrix elements of logarithmic intertwining operators and verify the 
convergence and expansion property needed in Huang-Lepowsky-Zhang’s logarithmic tensor 
categories theory. In section 8 , graded dimension for Id is calculated. 

Acknowledgments I am grateful to Profs. Katrina Barron, Vyjayanthi Chari, Yi-Zhi 
Huang, Haisheng Li, Antun Milas and Ingo Runkel for valuable discussions. 

2 Current algebra of a Lie algebra 

Current algebra of a hnite dimensional Lie algebra has been studied in |FL] . [CGI] , |CG2] 
et al. We hrst recall the dehnitions and notions, see for instance [CU 2 ]. 

Let C[f] be the ring of polynomials in an indeterminate t. The current algebra g[f] of a 
Lie algebra 0 is the Lie algebra 0 0 C[f], where the Lie bracket is dehned by 

[a; 0 /,|/ 0 ^]g[t] = [a;, 2 /]g 0 /^, x,y e Q, f,geC[t]. 

We will write xf for the element a; 0 /, x G 0 , / G C[f] of g[t]. 
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In this paper, we will focus on the current algebra I)[t] of an hnite dimensional abelian 
Lie algebra t) equipped with a nondegenerate symmetric bilinear form (•,•)(,. The current 
Lie algebra () [t] has trivial Lie bracket and has an invariant symmetric bilinear form induced 
from (•, •)t,: 

{xt^, 2/r)(,[i] = y)t„ X,y e[), m,neN. 

Let be an orthonormal basis of 1) with respect to (•, •)(,. Then < i < 

d,j G N} is an orthonormal basis of l)[t] with respect to (•, 

The form (•, •)t, being nondegenerate, we will identify 1) with its dual space Let 
A G 1) = [)*. Denote by Ca the one-dimensional f)-module with h G f) acting as the scalar 
(A, h). For every c G C we dehne an li[t]-module IA(A, c) = Ca as a vector space with action 
given by 

(hf)-v = f{c)X{h)v, h G 1), / G C[t], u G Ca. (2.1) 

Finite-dimensional irreducible modules for f)[t] are well-known, see for instance [FLj : Let 
W be an irreducible module for li[f]. Then either W is trivial or there exists fc G N, Aj G f)* 
and distinct q G C for 1 < i < /c such that 


hF = I/(Ai,ci)®---®I/(Afc,Cfc). (2.2) 

We dehne generalized Casimir operator Vl on V{X,c) for |c| < 1 as follows: 

d 

n = 5^(M^*^t”)(M^*^T'). (2.3) 

i=l nGN 

Although there might be inhnitely many nonzero terms in D • tc for w G V{X,c), the sum is 
convergent for |c| < 1. In fact, D acts as the scalar y^(A,A)(,. 

3 Vertex algebra associated to [)[t] 

We will construct a vertex algebra structure associated to following the steps in section 
6.2 and 6.3 in [LL] . The new vertex algebra generalizes the vertex operator algebra structure 
associated with Heisenberg Lie algebra. 

In this paper, we will let z, zq, zi, Z 2 denote commuting formal variables or complex vari¬ 
ables. 

Set 

P)[t] = li[t] 0 C[s, s~^] © Ck, 
equipped with the bracket relations 

[xf 0 s”", yt^ 0 s’"] = m{x, y)t,dm+nfldijk 

for x,y ^ i), i, j ^ N and m,n & Z, together with the condition that k is a nonzero central 
element of I)[f]. 
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The affine Lie algebra f)[t] is a Z-graded Lie algebra with 

riEZ 


where 

[)[t](o) = fl[t] © Ck and = f}[t] © s"” for n 7 ^ 0. 

It has graded snbalgebras 

1)M+ = © s“^C[s“^], and = f)[t] © sC[s]. 

Form the induced module 

Cl = S(©U ® Cl. 

where f)[t]_ ® I)[t] annihilates 1 and k acts as a scalar multiplication by /. Then M(/) has a 
natural vertex algebra structure (see Theorem 6.2.11 in |LL] ). 

For V = ai(—ni) • • • afc(—nfc)l G M{1) {ai G i)[t],ni G Z+), the vertex operator map is 
given by 


Y{v,z) = 


1 / d 


(rii — 1)! 


(F) ‘ 


1 / d \ 71^—1 


{rik - 1 )! ^dz 


(F) ‘ 


where for a G 


a{z) = ''^a{n)z ^ G (End M{l))[[z,z ^]]. 


nGZ 


We dehne operators L{n) for n > — 1 on M(/) by 


i=l jGN tuGIa 

The operators L{n) are well-dehned since for each v G M{1), L{n)v has only hnitely many 
nonzero terms. 

We will show that the operators L{n) for n > — 1 have the following properties: 


Proposition 3.1 Fora G f)[t] and k,n ^ 'L,n > —1, 

[L{n), a{k)] = —ka{n + k) 


(3.2) 


on M{1). Furthermore, for v = ai(—rii) • • •afc(—n^)! G M(/) (ai G G Z+j, 

k 

L(0)n=(^ni)n (3.3) 

i=l 

L{-l)=V, 

where F is the F-operator of the vertex algebra M{1). 
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Proof. We prove fl3.2p for a = hP {h E l),j E M) and k < 0. The case A; > 0 is similar. If 
n 7 ^ —2k, 

[L{n),{hP){k)] = 


If n = -2k, 

[L{n),{hP){k)] = 


Using fl3.2p and the action of generalized Casimir operator on M{1), we have 

L{0)v = L{0){ai{-ni) ■ ■ ■ak{-nk)vx) 

k 

= ( + ai(-ni) • • ■ afc(-nfc)L(0)l 

i=l 

= 

i=\ 

From fl3.2p and properties of operators V, we have 

[L{-1) -V,xP{n)] = 0 
as operators on M{1), and we also have 

{L{-l)-V)l = 0. 

Since M{1) is generated from 1 by f/(f)[f]), it follows that L{—1) = V on M(l). ■ 


^ (MWU)(n-m)(MWU)(m),(hU)(fc)] 

2=1 j',m€N 

1 

[-J + k){u^^P){-k), {hP){k)] 

2=1 

d 

-kJ2{^^'\h){u‘^^P){n + k) 

2 = 1 

—k{hP){n + k); 


- m){u^^h^){m), {hP){k)] 

2=1 j,m€N 

2=1 

d 

-kJ2{u^'\h){u‘^^P){-k) 

2 = 1 

—k{hP){—k). 
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Theorem 3.2 For A G M{1), A; G Z and n > —1, we have 


IHn),Y(A,w)]^ 


m >—1 


n + 1 
m + 1 


w^-^Y{L{m)A,w). 


In particular, 

[L{n),Ak] = ^ (j^~^^\L{m)A)k+n-m- 

m=—l ' ' 

Proof. It suffices to prove the formula for homogeneous elements A G M{1). Let A = 
hif^(—ni) ■ ■ ■ Ufc)! {hi G Uj G Z+). Set 

d k 

i=l j=l 

and 

L'{n) = Res,z"+^y(a;,z). 

It is obvious that 


[L'{n), Y{A, w)] = [L{n), Y{A, w)], L'{n)A = L{n)A 
since if i 7 ^ j, for hi, h 2 G f) and m,n E Z, 

[{hif){m), {h 2 F){n)] = 0. 

From Theorem 8.6.1 in |FLMj . we have 

[Y{oj,z),Y{A,w)] = Res,,w-^Y{Y{oj,Zii)A,w)e-^°^^/^^'^5{z/w) 

/I \m n ^ 

= Y,v:-'Y{L'(m-l)A,Y-J-(ji:rH-). ( 3 . 4 ) 


mGN 

By taking the coefficient of z~'^~‘^, we obtain for n > — 1, 

n+l 


[L'{n),Y{A,w)] = J2(^^^^Y{L'{m-l)A,w)w 

m^n \ ^ / 


n—m+1 


m=0 
n 


^ ^ ^ ]Y {L'{m)A, w)w^ 


m=—l 


Thus 


IHn),Y{A,w)]= 


m> — 1 


m + 1 


n + l 
m + 1 


w^-^Y{L{m)A,w). 
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Theorem 3.3 For n > —1, the operators L{n) satisfy the Virasoro Lie algebra relations. 
That is, for m,n> —1, 

[L{m), L{n)] = (m — n)L{m + n). 


Proof. For n > — 1, set 


Then 


Lj{n) = - rn){u^^'>F){m)l. 

i=l 

[L{m), L(n)] = Lj{m), ^ L^(n)] = '^[Lj{m), Lj{n)\ 

jeN jgn jgn 

= [m — n) Lj{m + n) = (m — n)L{m + n). 

jeN 


We recall the following dehnition from |FB] : 

Definition 3.4 A vertex algebra V is called quais-conformal if it carries the operators L{n) 
for n > —1 such that for m,n > —1 

[L{m), L{n)] = {m — n)L{m + n) 

and for v eV , 

n),Y{v,x)\ = ^ (^^^\x'^-'^Y{L{m)v,x). 

m>-l ^ ' 

As an immediate consequence of Theorem 13.21 and Theorem 13.31 we have: 

Corollary 3.5 The vertex algebra M{1) is quasi-conformal. 

4 Restricted -modules 

In this section, we will construct certain modules for the quasi-conformal vertex algebra 
M{1). First we introduce the following dehnitions. 

We say that a l)[t]-module W is restricted Z-graded of level I if 

(i) W = Yinez such that 

a{n)Wm C Wm-n for every m,n E Z and a G f)[t]; 

(ii) k acts as multiplication by / on hF; 
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(iii) For every w & W and n G Z_|_, {xf){n)w = 0 for all but finitely many numbers of 
i e N; 

(iv) There exists N gN such that Wn = 0 ior n < N. 

We denote by Ci the category of restricted Z-graded f}[f]-module of level 1. 

Let V (A, c) be the evaluation module at c G C for f)[f] defined by fl2.1l) . Then the induced 
module 

W{X,c,l) := M{l)®V{\c) 

is a restricted Z-graded f)[t]-module of level 1. In particular, the following proposition states 
that IF(A,c,/) are simple objects in Ci. 

Proposition 4.1 Let I be any nonzero complex number and let be an or¬ 

thonormal basis of 1). Let A G f) = [)*. Set 


P{1, A) = C[xijn\i = I,... ,d; j,n = 0,1,2,...], 


as a vector space, where Xijn are mutually commuting independent formal variables. Let l)[f] 
acts on P{1, A) by 


{u^'^P){0) 


I, 

a 


nl 


dx. 


ijn 


Xijn {the multiplication operator) 


for i = l,...,d and j,n G M. Then P{1,\) is an irreducible \)[t]-module. In particular, 
P{l,X) = W{X,c,l) as irreducible l}[t]-modules. 


In fact, all the restricted modules are of the following form: 

Theorem 4.2 Let W be a restricted 7^-graded \:)[f\-module of level 1. Then 

W ^ M{l)®Vt{W), (4.1) 

where Vt{W) = {tc G IF| a{n)w = 0, a G i)[t],n G Z+} (the vacuum space ofW) is l)[t]-stable. 
Proof. We will prove the linear map 

f ■. M{l)®Vt{W) W 

U 0 W I —> u ■ w 

defines a l)[f]-module isomorphism. First / is injective. In fact, let K be the kernel of /. 
Then K & Ci and if iF 7 ^ 0 it contains a vacuum vector w. Then w G VL{W) since VL{W) 





is precisely the vacuum space of M(/) (g) VL{W). But this contradicts the injectivity of / on 
Vt{W). 

Now we show that / is surjective. Suppose instead that hh/Im/ 7 ^ 0. Then hh/Im/ G Ci 
and so contains a vacuum vector v. Let w he & representative of v in W. Then w ^ Im/, 
a{n)w G Im/ for all a G n G Z_|_ and there exists iV G such that a{m)w = 0 for all 
m > N. We will hnd t G Im/ such that 


a(n) ■ t = a{n) ■ w (4.2) 

for all a G f)[t] and n G since t — w would then be a vacuum vector in W but not in Vt{W), 

a contradiction. If suffices to prove equation (14.2h for all a of the form for i = 1,..., d 
and j G M. 

Choose a basis {a;.y}.^gr (h an index set) of f2(lT), and note that 

Im/ = ^ M{1) 0 Coo^, 

7 er 

by the injectivity of /. For each i = j G N,n G and 7 G T, let Sijni'y) be 

the component of ■ w in M{1) 0 Ca;.y with respect to the decomposition. Then 

for all Zi,i 2 = l,...,d and /i ,/2 G N,ni,n 2 G we have ■ w = 

uh2)p2 (77,2)-ubi)^ii j 

• tc, so that for all 7 G T, 

■ 5*272^2(7) = 


Since W is restricted, there exist a hnite set J C N and a hnite subset Tq C T such that 
Sijn{,l) = 0 unless j G J, 7 G Tq and n < N. If we can hnd G M{1) 0 such 
that u^'^h^(n) ■ = Sijni'y) for i = 1,..., d, j G N, n G and 7 G Tq, then we can take 

t = and we will be done. 

Fixing 7 G Fq and identify M{1) 0 Ccn..^ with the polynomial algebra on the generators 
Xijn- Then 


d 


f) ’=’^232^2 


(7) = 


d 


dx 


( 7 ) for ii,i 2 = 1, • •. ,djij 2 ,rii,n 2 G N. 


^ 2 / 2'^2 


Recall that Spn( 7 ) = 0 for / ^ J and for n > N, we see that each Sijni'y) lies in the 
polynomial algebra for hnitely many generators Xijn for j E J and for n < N. Thus there 
exists s in this algebra such that 


d 


dXijn 


S = 


Sijn ( 7 ) 


for j E J and n < N and hence for all i,j, n. We may therefore take 


= s. 


Theorem 4.3 Let I be any complex number and let W be any restricted 'L-graded ^\t\-module 
of level 1. Then there exists a unique M{1)-module structure on W such that for a E \)[t], 

Yw{a,z) = aw{z) = '^a{n)z~'^~^ G (End fF)[[ 2 ;, 2 ;“^]]. 

nG'Z 
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The vertex operator map for this module structure is given by 


Yw{ai{-ni) ■ ■ ■ ak{-nk)l, z) 


d 




(ni — 1 )! 


d 


{'jz) i(^k)w{z)°l 


{Uk - 1 )! ^dz 


w 


for k > 0, Qi E i)[f\,ni G In particular, the modules W{\,c,l) for |c| < 1 are irreducible 
modules for the quasi-conformal vertex algebra Mif), and the operators L{n) for n > —1 on 
W{X,c,l): 


L{n)w = - m){u^^t^){m)l 

i=l jeN mez 

are well-defined and satisfy 


[L{m)w, L{n)w] = (m — n)L{m + n)wi 

+ 1 
+ 1 

for A E M{1) and m,n > —1. 


^w^-^Yw{L{i)A,w) 


n / 

[L{n)w,Yw{A,w)\ = ^ ( • 

i>-l ^ 


(4.3) 


(4.4) 

(4.5) 


Proof. The first part is standard from Theorem 6.2.12 in |LLj ( the proof for the second part 
is the same as the proof for Theorem 13.21 and Theorem 13.31 in the vertex algebra case. ■ 


5 Logarithmic modules and logarithmic intertwining 
operators 

In this section, we will constrnct logarithmic modnles for the qnasi-conformal vertex algebra 
M{1). First we introdnce notations and definitions from [HLZl] and |M1] . 

Definition 5.1 Let Id be a qnasi-conformal vertex algebra. We say that a weak Id-modnle 
W is logarithmic if it admits a direct snm decomposition into generalized L(0)-eigenspaces, 
i.e. admits a Jordan form with respect to the action of T(0). We say that a logarithmic 
modnle W is genuine if nnder the action of T(0) it admits at least one Jordan block of size 
2 or more. 

In this section and next section, we assnme dim I) = 1 with a fixed nonzero vector h. Let 
IF be a Z-graded restricted f)[t]-modnIe. Then W ~ M{l)®Vt{W) by Theorem 14.21 We first 
have the following Lemma: 

Lemma 5.2 Let W be a restricted Z-graded i:}[f\-module. Suppose that 

admits a Jordan block of size at least 2. Then W is a genuine logarithmic ^[t]-module. 


10 
















Proof. It follows from the fact that W ~ M{1) 0 Vl{W) and L(0 )|q(vi^) = ^ ■ 


Let A G 1)*. Denote by Da a hnite dimensional [)-module such that 

{h - X{h)r\n, = 0 

for some n G Z+. We define an evaluation f)[t]-module D(A,c) ~ Da as a vector space with 
action given by 

(hf) -v = f{c)h-v, 

where / G C[t] and n G Da- 
Form the induced module 

G{X,c,l) = M(/) 0 D(A,c) 
for some A G 1)* and |c| < 1. We have that 

Then G(A,c,/) is a genuine logarithmic f)[t]-module if /i(0)^|Q(A,c) admits a Jordan block of 
size at least 2 . 

Definition 5.3 Let (hFijFi), ( 11 ^ 2 , 12 ) and (IF 3 , Fa) be logarithmic modules for a quasi- 
conformal vertex algebra V. A logarithmic intertwining operator of type ^ linear 

map 

3;(-,g-:lFi0lF2^1F3[logg{4, 

or equivalently, 

W(l) 0 W(2) H- 3^(W(1), Z)W^2) = EE W{1)^.I^W(^2)Z ” ^(logx)*^ G Wapoggl^} 

nGC fceN 

for all tC(i) G hFi and W( 2 ) G W 2 , such that the following conditions are satisfied: the lower 
truncation condition: for any W(^i) G hFi, W( 2 ) ^ hF 2 and nGC, 

'^(i)n+m fe^(2) ~ 0 for m G N sufficiently large, independently of k] 

the Jacobi identity: 


/ Zi - Z2 


Zq 5 


zo 


y2.{v,Zi)y{W(^l),Z2)W(2) 


-zj^5 


Z2 - Zi 
-Zo 


y(W(i),Z2)Y2(v,Zi)w(2) 


= Zo — - —]y(yi(v, Zo)W(i), Z2)W(2) 

Z 2 / 
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for V G V, W(i) G Wi and W(^ 2 ) ^ ^ 2 ] the L{—1)- derivative property: for any G Wi, 

y{L{-l)w^ipz) = -^y{w^ipz). 


Following the construction in |M2] , we can identify the space of logarithmic intertwining 
operators among triples of logarithmic modules Wi = G(Ai, 0, 1) for Aj G [)* (* = 1, 2, 3) with 
Hom(,[i](n(Ai, 0), Hom(n(A2, 0), ^(As, 0)). 

6 Strongly graded vertex algebras and their modules 

In this section, we dehne the notions of strongly M-graded vertex algebra and its strongly 
N-graded modules following |HLZlj (cf. |Y1] . |Y2] ). 

Definition 6.1 A quasi-conformal vertex algebra 

r = II r,„, 

nGZ 

is said to be strongly graded with respeet to N (or strongly N-graded) if it is equipped with a 
second grading, by N, 

v=Y[ 

mSN 

such that the following conditions are satished: the two gradings are compatible, that is, 

y(m) _ JJ- yM ^ y^^^ p yim) m G N; 

for any m, fc G N and n G Z, 


yy =0 

for n 

sufficiently negative; 


dim 

< OO] 



1 6 r,®; 




mv'"" 

C 

for j > —1; 

(6.1) 

Vjvy'’ c 

n 

for any v G j G Z. 

(6.2) 




Note here the dehnition of the notion of strongly N-graded vertex algebra is slightly 
different from |HLZlj where fl6.2p is replaced by a stronger condition: 

C for any v G I G Z. 

For modules for a strongly N-graded algebra, we will also have a second grading by N. 
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Definition 6.2 Let V he a. strongly N-graded quasi-conformal vertex algebra. A id-module 

w'=n uv, 

n£C 

is said to be strongly graded with respect to N (or strongly N-graded) if it is equipped with a 
second gradation, by N, 

w =Y[ 

mSN 

such that the following conditions are satisfied: the two gradations are compatible, that is, 
for any m G N, 

= Y[ , where = fh(„) n 

neC 

for any m, fc G N and n G C, 

= 0 for n with sufficiently negative real part; 
dimfL^^^^ < oo] 

c for j > -1; (6.3) 

C ]J for any n G j G Z. (6.4) 

Note here for the purpose of this paper, we modify the notion of strongly N-graded 
modules in [HLZlj . where fl6.4p is replaced by 

C for any v G I G Z. 

Similarly, we can define the notion of strongly N-graded logarithmic modules by replacing 
L(0)-eigenspace W(^n) by generalized L(0)-eigenspace hh[n]- 
We define an N-grading for M{1) by 

N-wt xif^{-ni) ■ ■ = A H-h 4- 

It is easy to check that M{1) satisfies all the assumptions in Definition 16.11 Thus we have 

Corollary 6.3 The vertex algebra M{1) is a strongly N-graded guasi-conformal vertex alge¬ 
bra. 

We define an N-grading for W(A, c, /) by 

N-wt xif^ (-ni) ■ ■ ■ Xkf^ i-nk)vx = f i H-h 4, 

where vx is a nontrivial element in Id(A,c). Similarly, we define an N-grading for G{X,c,l) 
by 

N-wt xif^ (-^i) • ■ • {—nk)w = 4 H-h 4, 

where w G f2(A,c). Thus we construct strongly N-graded modules and logarithmic modules 
for M{1): 
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Corollary 6.4 For A G [)* and |c| < 1, let V{X,c) and r2(A,c) be i)[t]-modules defined as 
before. Then W (A, c, 1) and G{X, c, 1) are strongly N-graded modules and logarithmic modules 
for Mil), respectively. 

In the rest of this section, we will recall the following useful definitions and notations 
from [HLZlj (cf. |Y^h 

Definition 6.5 Let C be a strongly N-graded conformal vertex algebra. The subspaces 
for n G Z, m G N are called the doubly homogeneous subspaces of V. The elements 

in are called doubly homogeneous elements. Similar definitions can be used for 

(respectively, in the strongly graded (logarithmic) module W. 

Notation 6.6 Let n be a doubly homogeneous element of V. Let wt n G Z, refer to the 
weight of Vn as an operator acting on W, and let N-wt Vn refer to the N-weight of Vn on W. 
Similarly, let w be a doubly homogeneous element of W. We use wt w to denote the weight 
of w and N-wt w to denote the N-grading of w. 

Lemma 6.7 Let v G Vi^^\ for n G Z, m G N. Then for A; G Z, wt = n — k — 1 and 
N-wt Vk < m. 

Proof. The hrst equation is standard from the theory of graded conformal vertex algebras 
and the second follows easily from the dehnitions. ■ 

With the strong gradedness condition on a (logarithmic) module, we can now define the 
corresponding notion of contragredient (logarithmic) module. 

Definition 6.8 Let W = UmeN neC ^ strongly N-graded logarthmic module for a 

strongly N-graded quasi-conformal vertex algebra. For each m G N and n G C, let us identify 
)* with the subspace of W* consisting of the linear function on W vanishing on each 

^ with m' ^ m oi n' ^ n. We dehne W to be the (N x C)-graded vector subspaces of 
W* given by 

W' = ]J (iv')j,y. where (IV)]™’ = (IVii]’"’)'. 

mEN,nEC 

The adjoint vertex operators Y'{y, z) (v G V) on W is defined in the same way as vertex 
operator algebra in section 5.2 in |FHL] : 

(r (n, z)w', w) = {wj z-^)w) (6.5) 

for w' G W, w G W. The pair {W', Y') carries a strongly —N-graded module structure. 

For u E V and n E Z, let Un = ^eSzZ^Y'iv, z) be the operator on W and let m* : hF —)• IT 
be the adjoint of From formula fl6.5p . we have 

wt M* = —wt Un 

and 

N-Wt M* = N-Wt Un- (6.6) 
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7 Ci-cofiniteness condition and differential equations 

In this section, we let V be the strongly N-graded quasi-conformal vertex algebra M(/) and 
we assume every strongly N-graded Id-module has weights in M. 

Definition 7.1 Let W he a strongly N-graded Id-module and let Ci(IId) be the subspace 
of W spanned by elements of the form U-iW for m G 1+ = lln >0 and w e W. The 
N-grading on W induces an N-grading on WjCxhWy. 

w/Ci{w)= W{w/Ci{w)y^\ 

mGN 


where 

(IT/Ci(IT))(™) = 

for m e N. If dim < cxd for m G N, we say that W is Ci-cofinite with 

respect to N or Ifd satisfies the Ci-cofiniteness condition with respect to N. 

Corollary 7.2 For A G f)* and c G C, let Id(A,c) and 12(A,c) be t)[t]-modules defined as 
before. Then IT(A, c, /) and G{\, c, 1) satisfy the Ci-cofiniteness condition with respect to N. 

Let R = {zi — 2 : 2 )”^], hhi, f = 0,1, 2, 3 be strongly N-graded Id-modules satis¬ 

fying the Ci-cofiniteness condition with respect to N and 

T = R®Wo®Wi®W2 ®W-i 

which has a natural i?-module structure. For simplicity, we shall omit one tensor symbol to 
write f{zi, z^) ® Wq ® Wi ® W 2 ® w^, as f{zi, Z 2 )wo Wi W 2 W 3 in T. 
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For M G V+ and Wi G Wi, i = 0,1, 2, 3, let J be the submodule of T generated by elements 
of the form 


A{u,Wq,Wi,W 2 ,W^) 

j i-Zl)^U*_^_i^Wo Wi W2 W3 - Wo U_iWi 0 W2 <8) W3 
fc >0 ' 

j {-{zi - Z 2 ))~^~^Wo(^Wi(^UkW 2 (^W 3 

k>0 ^ ' 


E 


-1 

k 


{-Zi) Wo Wi W2 UkWs, 


k>0 

B{u,Wo,Wi,W 2 ,W 3 ) 

"j {-Z2)^U*_^_^.Wo <^Wi<^W2<^W3 


E 


k>0 


f ) (-(^1-2:2)) ^ 0 MfcWi 0 ^2 0 - it’o ® ® 0 W3 

fc >0 ^ 


E 


-1 

k 


{-Z2) Wo Wi W2 UkWs, 


k>0 

C{u,Wo,Wi,W 2 ,W 3 ) 

= u*_^Wo 0 Wi 0 ta2 0 W3 — y^ 

fc >0 

-1 ' 


Z^ ^ ^Wo 0 UkWi 0 1^2 0 W3 


E 


k 


Z2 ^ ^Wo 0 Wl 0 UkW2 ^ W3 — Wo ® Wi ^ W2 ^ U-1W3, 


k>0 

'D{u,Wo,Wi,W2 ,W3) 

= U-iWo 0 Wl 0 W 2 0 


( A;^ ) ® (-; 2 i 0 W 2 0 W 3 

fc >0 ^ 

^ ( "M 4 +‘u>„ ® 


ta2 0 ttJ3 


k>0 

-Wo 0 wi 0 ta2 0 U- 1 W 3 


The double gradings on ITi for i = 0,1, 2, 3 induce double gradings on ITohFi® hF 20 IT 3 
and then also on T (here we dehne the double gradings of elements of R to be 0). Let 
be the doubly homogeneous subspaces of weight r and N-weight m for r G M and m G N. 
Then 

'-p _ T T 

^ ~ J_L ’ 

reIR,mGN 
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where are finitely generated -R-modules and = 0 when r is sufficiently small. For 
m G N, r G M, we define the following filtration on T: 

FAT) = n r,„ 

s<r 

F^{T) = n j^{k) 

Q<k<m 

f;at) = U r,'y 

5<r,0<fc<m 

Then F^{T) are finitely generated i?-modules, and 

F;"(T) C Ff (T) for r < s, 

F™(T) = UeKFr(T). 

For m G M, r G M, we define the following filtration on J induced from the above filtration 
on T: 


F,(J) = JnF^(T) 

F™(J) = JnF’”(T) 

F™(J) = JnF™(T). 

Then F^{J) are finitely generated F-modules, and 

F™(J)CF™(J) forr<s, 

= UrmFriJ)- 

Proposition 7.3 There exists M E Z such that for any r G M, m G N, Ff^{T) El Ff^{J) + 
Ff}{T). In particular, F'^iT) = F'^{J) + Ff}{T). 

Proof Since dim < cx) for G N,i = 0,1,2,3, there exists M E Z 

such that 


II (r’”(r))(„) 

c 

u 

F((C'i(hFo))(”^“) 

0 0 

® in*”"’) 

n>M 

mo+7n.i+777.2+7713 





F(hFo^™°^ ® 


0 1 ^ 3 ^”^"^) 



+ 

(g) 


0 



+ 

(g) 

0 0 +1(1^3))^”^^^). 

(7.1) 


Note the right-hand side of (17. Ih is a finite sum. 

We use induction on r G M. If r is equal to M, F^(T) C F^(J)-|-F^(T). Now we assume 
that F™(T) C F™(J) -|- Ff}{T) for r < s where s > M. We want to show that any doubly 
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homogeneous elements of can be written as a sum of element of F^{J) and an element 
of F]^{T). Since s > M, by (17. Ih . any element of is an element of the right-hand side 
of flT.ip . We shall discuss only the case that this element is in i?((C'i(Wo))^'”°^ (8) <8) 

( 8 ) for some G N such that mo -|- mi -|- m 2 -|- m 3 < m; the other cases are 

completely similar. 

We need only discuss elements of the form wo 0 u^iWi 0 W 2 0 Ws, where Wi G for 

i = 0,1, 2, 3 and u G V+. By assumption, the weight of wq 0 U-iWi 0 1^2 0 is s, then the 
weight of u’^i_f,wo<^wi<^W 2 ®W 3 , wo®wi<^UkW 2 <^W 3 and wo<^wi<^W 2 ®UkW 3 for fc > 0 , are 
all less than s. Note that all these elements have M-weights less than or equal to m by fl6.4p 
and fl 6 . 6 p . Thus these elements lie in F^^iT). Also, since A{u,wo, 101 , 102 , 103 ) G F^{J), we 
see that 


Wq 0 U-iWi 0 tn2 0 Wg 



{-Zi)'"u*_i_f,Wo Wi W2 ® Ws 



{-{zi - Z2)) ^ ^WQ(^Wi®UkW2(^W3 



{—Zi) ^ ^WQ®Wi®W2®UkW3 


can be written as a sum of an element of F^{J) and elements of FJ^g(T). Thus by the 
induction assumption, the element Wq 0 u^iWi 0 i /;2 0 W 3 can be written as a sum of an 
element of F^{J) and an element of FJ^{T). 

Now we have 


F"*(T) = ]Jf;"(t) 

reK 

c IIWj + FSU) 

reK 

= F-(J) + F-(T). 

But we know that F™(J) + F™(T) C F™(T). Thus we have F™(T) = F^{J) + F^{T). ■ 

We immediately have the following: 

Corollary 7.4 For each m G N, the quotient R-module F^{T)/F^{J) is finitely generated. 

For an element W G F^{T), we shall use [W] to denote the equivalence class in F"*(T)/F™'(J) 
containing W. We have the following theorem: 

Theorem 7.5 Let Wi he strongly N-graded generalized V-modules for i = 0,1, 2, 3. For any 
Wi G Wj (i = 0,1,2,3), let Mi and M 2 he the R-suhmodules of F(T)/F{J) generated hy 
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[wq ® L{—iywi ®W 2 ® W 3 ], j > 0, and by [wq ( 8) Wi (8) L{—iyw 2 0 W3], j > 0, respectively. 
Then Mi, M 2 are finitely generated. In particular, for any Wi & Wi {i = 0,1, 2, 3), there 
exist ak{zi, Z 2 ), bi{zi, Z 2 ) G R for k = 1 ,... ,m and I = 1 ,... ,n such that 

[wo 0 0 W2 0 ws] + ai{zi, Z2)[wo 0 0 W 2 0 W 3 ] 

H-h ^2)[wo 0 0 m ;2 0 W3] = 0, (7.2) 


[wo 0 Wi 0 L(-1 )”m;2 0 W 3 ] + bi{zi, Z2)[wo 0 Wi 0 L{-iy ^W2 0 W 3 ] 

H-h 6n(2:i, 2:2)[tt'o 0 0 0 ttis] = 0. (7.3) 


Proof. Without loss of generality, we assume the elements Wi G Wi, i = 0,1, 2, 3 are N- 
weight homogeneous with Wi = m for some m G M. 

By corollary 17.41 F‘^{T)/F^{J) is finitely generated. Since i? is a Noetherian ring, any 
i?-submodule of the finitely generated i?-module F'^{T)/F‘^{J) is also hnitely generated. In 
particular. Mi and M 2 are hnitely generated. The second conclusion follows immediately. ■ 


Now we establish the existence of systems of differential equations: 

Theorem 7.6 Let Wi for i = 0,1, 2, 3 be strongly N-graded generalized V-modules satisfying 
Ci-cofiniteness condition with respect to N. Then for any Wi E Wi (i = 0,1, 2, 3), there exist 

ak{zi, Z 2 ), bi{zi, Z 2 ) G C[zf , zf, (zi - Z 2 )~^] 


for k = 1,... ,m and I = 1,... ,n such that for any strongly N-graded V-module IT4, IT5 
and We, any logarithmic intertwining operators W, 3^2,3^3,3^4,3^5 3^6 of types , 

(«)’ imk)’ (hWs)’ (nwe) imk)’ respectively, the series 

{Wo,yi{Wi,Zi)y2{w2,Z2)wy, (7.4) 

{Wq, 3^4(3^3(Wi, - Z2)W2, Z2)wy (7.5) 

and 

{wo,y5{w2,Z2)y6{wi,Zi)w3), (7.6) 

satisfy the expansions of the system of differential eguations 




+ 01 ( 2 : 1 , 2 : 2 ) 


dzy-^ 


H-h am{zi,Z2)(p = 0 , 


(7.7) 


d'^(f 

in the region \zi\ > \z 2 \ > 0, 


+ ^l(^l5 Z 2 ) ^_i + • • ■ + bn{zi, Z 2 )p = 0 

OZ 2 

\z 2 \ > \zi — Z2I > 0 and \z 2 \ > |2;i| > 0, respectively. 


(7.8) 
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Proof. The proof is similar to the proof of Theorem 1.4 in m- We sketch the proof as 
follows: 

Without loss of generality, we assume the elements Wi G W, i = 0,1,2, 3 are N-weight 
homogeneous with Wi = m for some m eN. 

Let A = wt tco — wt tci — wt W 2 — wt w^. Let C({x}) be the space of all series of the 
form XlneK for G M such that a„ = 0 when the real part of n is sufficiently negative. 
Consider the map 

^ z^C{{z2/zi})[zf^,zf^] 

dehned by 

0 yi,y 2 (/( 2 :i, Z2)wo ®Wi®W2® W 3 ) 

= l'lzil>lz2l>o(f(^l, ^2))(m, yi(m, Zl)y2(w2, ^2)^3), 

where 


0^i|>h2|>o : ^ t C[[z2/zi]][z'^^,zf^] 

is the map expanding elements of R as series in the regions \zi\ > \z 2 \ > 0. 

Using the Jacobi identity for the logarithmic intertwining operators, we have that (py^ y 2 {J) 
0. Thus the map induces a map 

: F^(T)/F’-(J) z^C({z,Jz,])\zf,zf]. 

Applying (j)yi,y 2 to fl7.2|) and fl7.3p and then use the L(—l)-derivative property for logarithmic 
intertwining operators, we see that fl7.4p indeed satishes the expansions of the system of 
differential equations in the regions \zi\ > \z 2 \ > 0. Similarly, we can prove that fl7.5p 
and fl7.6p satisfy the expansions of the system of differential equations in the regions 1-^21 > 
l^i — Z2I > 0 and 1^21 > 12:11 >0, respectively. ■ 


Corollary 7.7 Let Wi = G{Xi,c,l) for |c| < 1 and Aj E i)*, i = 0,1, 2, 3. 
Wi E Wi, there exist 

ak{zi, Z 2 ), bi{zi, Z 2 ) E C[zf, zf, {zi - Z 2 )~^] 


Then for any 


for k = 1 ,... ,m and / = 1 ,...,n such that for any strongly N-graded V-module IT4, W 3 and 
We, any logarithmic intertwining operators W, 3^2,3^3,3^4,3^5 and 3^6 of types > 

imm)’ imk)’ (nws) imwa)’ respectively, the series satisfy the 

) in the region \zi\ > \z 2 \ > 0, 

1^:21 > \zi — Z2I > 0 and \z 2 \ > |-2i| > 0, respectively. 


expansions of the system of differential eguations ([7. ly, {1.8 


Using the fact that the matrix elements of logarithmic intertwining operators among 
strongly graded modules for Mif) satisfy differential equations (Corollary 17.7p and that the 
singular points for the differential equations are regular (see ES), we have the following 
convergence and expansion property for M{1) (see |HLZ7] ): 
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Theorem 7.8 For any n G any strongly graded modules Wi ^..., Wn+i Wi ^..., Wn-i, 
any logarithmic intertwining operators 




of types 

( \ 

Wl Wj ’ ^2 W^2; ’ ■ ■ ■ ’ W-l Wr^.J ’ Wn Wn+J ’ 

respectively, and any G Wq, W(i) G Wi,..., W(n+i) G Wn+i, the series 

{W(0), yi(W(l), Zi)--- yn(W(n), ^n)W(n+l)) 

is absolutely convergent in the region \zi\ > ■ ■ ■ > \zn\ > 0 and its sum can he analytically 
extended to a multivalued analytic function on the region given by zi 7^ 0, i = 

Zi 7^ Zj, i 7^ i, such that for any set of possible singular points with either Zi = t), Zi = 00 or 
Zi = Zj for i ^ j, this multivalued analytic function can be expanded near the singularity as 
a series having the same form as the expansion near the singular points of a solution of a 
system of differential eguations with regular singular points. 

Proof. The proof uses the same method as in [H]. ■ 


8 Graded dimension 

Let V = Uagyi nez ^(n) ^ strongly A-graded vertex algebra. We call the graded dimension 

of V the formal sum 

dim* V = ^ (dim V^^^)p^q°'. 

Here p and q are mutually commuting formal variables. In particular, the graded dimension 
of M{1) is 

dim* M{1) = ^ dim {M{l)^^^)p^q"". 

m,ngN 

The dimension of the double homogeneous subspace is the number of bipartite 

partitions 

00 

(m,n) = '^{mj,nj), 
i=i 

where m/s are nonnegative integers and rij’s are positive integers for j G We use the 
following standard abbreviation in j^: 

(a; q)n = (1 - a)(l - ag) ■ • • (1 - 

(a;g)oo = lim (a;g)n, 

ni—>-cxD 
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where a is any formal variable or complex number. 

Let p{k,n) be the number of partitions of n into a set of positive integers that have k 
parts. Then (see for example m) 


'^^p{k,n)x’^q 

k=0 n=0 


1 

{xq-, q)oo' 


Similarly, let p'{k,m) the number of partitions of m into a set of nonnegative integers that 
have k parts. Then 

p'{k,m)x^q^ = , \ . 

[x]q)oo 

Thus we have ^ 

dim* Mil) = constant term of x in -— -r— -r—. (8.9) 

{x ^p;p)oc{x;q)oc 



REFERENCES 

[A] G. E. Andrews, The Theory of Partitions, Addison-Wesley, 1976. Reissued, Cam¬ 
bridge University Press, 1998. 

[Bl] R. E. Borcherds, Monstrous moonshine and the monstrous Lie super algebras. Invent. 
Math. 109 (1992), 405-444. 

[B2] R. E. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, Proc. Natl. 
Acad. Sci. USA 83 (1986), 3068-3071. 

[BCM] B. Brito, V. Chari and A. Moura, Demazure modules of level two and prime repre¬ 
sentations of quantum affine sU+i, arXiv: 1504.00178. 

[CGI] V. Chari and J. Greenstein, An application of free Lie algebras to current algebras 
and their representation theory. Infinite-dimensional aspects of representation theory 
and applications, 15-31, Contemp. Math., 392, Amer. Math. Soc., Providence, 2005. 

[CG2] V. Chari and J. Greenstein, Current algebras, highest weight categories and quivers. 
Adv. Math. 216 (2007), no.2, 811-840. 

[CP] V. Chari and A. Pressley, Weyl modules for classical and quantum affine algebras. 
Representation Theory 5 (2001) 191-223. 

[DLM] C. Dong, H. Li and G. Mason, Regularity of rational vertex operator algebras, Adv. 
Math. 132 (1997), 148-166. 

[FB] E. Frenkel, D. Ben-Zvi, Vertex algebras and algebraic curves. Mathematical Surveys 
and Monographs, 88, Amer. Math. Soc., Providence, 2004. 


22 





[FHL] I. B. Frenkel, Y.-Z. Huang and J. Lepowsky, On axiomatic approaches to vertex 
operator algebras and modules, Mem. Amer. Math. Soc. 104, Amer. Math. Soc., 
Providence, 1993, no. 494 (preprint, 1989). 

[FL] B. Feigin, S. Loktev, On generalized Kostka polynomials and the quantum Verlinde 
rule, in; Differential Topology, Inhnite-dimensional Lie Algebras, and Applications, 
in; Amer. Math. Soc. Transl. Ser. 2, vol. 194, 1999, pp. 6179, math. QA/9812093. 

[FLM] 1. B. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and the 
Monster, Pure and Appl. Math., Vol. 134, Academic Press, Boston, 1988. 

[H] Y.-Z. Huang, Differential equations and intertwining operators. Comm. Contemp. 

Math. 7 (2005), 375-400. 

[HLZl] Y.-Z. Huang, J, Lepowsky and L. Zhang, Logarithmic tensor category theory for 
generalized modules for a conformal vertex algebra, I; Introduction and strongly 
graded algebras and their generalized modules. Conformal Field Theories and Ten¬ 
sor Categories, Proceedings of a Workshop Held at Beijing International Center for 
Mathematics Research, ed. C. Bai, J. Fuchs, Y.-Z. Huang, L. Kong, 1. Runkel and C. 
Schweigert, Mathematical Lectures from Beijing University, Vol. 2, Springer, New 
York, 2014, 169-248. 

[HLZ7] Y.-Z. Huang, J, Lepowsky and L. Zhang, Logarithmic tensor category theory for 
generalized modules for a conformal vertex algebra, VH; Convergence and extension 
properties and applications to expansion for intertwining maps, arXiv; 1110.1929. 

[HLZ8] Y.-Z. Huang, J, Lepowsky and L. Zhang, Logarithmic tensor category theory for 
generalized modules for a conformal vertex algebra, VHL Braided tensor category 
structure on categories of generalized modules for a conformal vertex algebra, arXiv; 
1110.1931. 

[K] R. Kedem, A pentagon of identities, graded tensor products, and the Kirillov- 
Reshetikhin conjecture. New trends in quantum integrable systems, 173-193, World 
Sci. Pubh, Hackensack, NJ, 2011. 

[LL] J. Lepowsky and H. Li, Introduction to Vertex Operator Algebras and Their Repre¬ 
sentations, Progress in Math., Vol. 227, Birkhauser, Boston, 2003. 

[Ml] A. Milas, Weak modules and logarithmic intertwining operators for vertex operator 
algebras, in Recent Developments in Infinite-Dimensional Lie Algebras and Confor¬ 
mal Field Theory, ed. S. Berman, P. Fendley, Y.-Z. Huang, K. Misra, and B. Parshall, 
Contemp. Math., Vol. 297, American Mathematical Society, Providence, RI, 2002, 
201-225. 

[M2] A. Milas, Logarithmic intertwining operators and vertex operators. Comm. Math 
Rhys. 277 (2008), 497-529. 


23 



[Yl] J. Yang, Tensor products of strongly graded vertex algebras and their modules, J. 
Pure Appl. Alg. 217 (2013), 348-363. 

[Y2] J. Yang, Differential equations and logarithmic intertwining operators for strongly 
graded vertex algebras, arXiv: 1304.0138. 

Department of Mathematics, University of Notre Dame, 255 Hurley Building, Notre 
Dame, IN 46556-4618 

E-mail address: jyang7@nd.edu 


24 



